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Anisotropic Singular Integrals in Product Spaces 

Baode Li, Marcin Bownik, Dachun Yang* and Yuan Zhou 



Abstract. In this paper, the authors introduce a class of product anisotropic singular 
integral operators, whose kernels are adapted to the action of a pair A = {Ai, A2) 
of expansive dilations on M" and M™, respectively. This class is a generalization of 
product singular integrals with convolution kernels introduced in the isotropic setting 
by Fefferman and Stein [Adv. in Math. 45 (1982), 117-143]. The authors establish the 
boundedness of these operators in weighted Lebesgue and Hardy spaces with weights in 
product A^ Muckenhoupt weights on R" x R™ . These results are new even in unweighted 
setting for product anisotropic Hardy spaces. 

1 Introduction 

The theory of Hardy spaces and singular integrals plays an important role in harmonic 
analysis and partial differential equations; see, for example, [13, 17, 18, 30]. There were 
several directions of extending Hardy and other function space theory from Euclidean 
spaces to other domains and non-isotropic settings; see, for example, [1, 5, 6, 10, 15, 29, 
31, 24, 32, 33, 7]. A signihcant effort was devoted in developing a theory of Hardy spaces 
and singular integrals on product domains. This direction was initiated by Gundy and 
Stein [19] with R. Fefferman, Nagel and Stein among its main contributors [11, 14, 15, 26]. 
In particular, Fefferman and Stein [14] introduced a class of product singular integrals 
with convolution kernels and established their boundedness in Lebesgue spaces. Fefferman 
further proved the boundedness of certain singular integrals from product Hardy spaces 
to Lebesgue spaces in [11] and also established some weighted boundedness in [12]. 

The goal of this paper is to extend some of the existing isotropic product Hardy space 
theory to the non-isotropic setting associated with expansive dilations. Let Ai and A2 
be expansive dilations, respectively, on M" and R"^. Let w he a product A^o Mucken- 
houpt weight associated with a pair of dilations, A = {Ai, A2). Recently, the authors 
[4] developed the theory of weighted anisotropic product Hardy spaces H^{W^ x R"^; A) 
with p € (0, 1]. Motivated by Bownik [1] and Nagel-Stein [26], in this paper, we intro- 
duce a class of anisotropic singular integrals on M" x R™, whose kernels are adapted to 
A in the sense of Bownik and have vanishing moments defined via bump functions in the 
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sense of Stein. Then, we establish the boundedness of these anisotropic singular integrals 

on weighted Lebesgue spaces L^(M"^ x M™") with q G (1, oo) and weighted Hardy spaces 
i?£(M" X M"*; A) with p G (0, 1]. These results are new even in the unweighted setting 
w = 1. 

We point out that the vanishing moments of singular integrals defined via bump func- 
tions were originally introduced by Stein [30]. To obtain the estimates for solutions of 
the Kohn-Laplacian on certain classes of model domains in C^, Nagel and Stein [26, 27] 
introduced a class of singular integrals including their product versions, whose vanishing 
moments are defined via bump functions. Such a theory of product singular integrals is 
also used in the analysis on Heisenb erg- type groups; see [25]. 

To state our main results, we carefully define the class of product anisotropic singular 
integral operators adapted to the action of a pair A of expansive dilations. 

Definition 1.1. A real n x n matrix A is an expansive dilation, shortly a dilation, if all 
its eigenvalues A satisfy [A] > 1. Throughout the whole paper, for the convenience, we 
sometimes use R^^ and M"^ denote, respectively, M" and R"^. For expansive dilation Ai 

on R'^S i = 1, 2, we always let b, = \ dct{Ai)\ and A = (^1,^2)- We also let bI^\ k £ Z, 
be dilated balls and pi the step homogeneous-norm associated with Ai as in Definition 2.1. 

Definition 1.2. Let N £N. A function ip on is called an N -normalized hump function 
associated to the hall Bq, if suppV' C Bq, and |lc?"V||z,°°(R") ^ 1 for all a G Z"^ with 
|a| < N. A function ip on M" is called an N -normalized bump function associated to the 
hall Bk with A; G Z if and only if ijj{A'^-) is an A''-normalized bump function associated to 
the ball Bq. 

Let D(M" X M™") be the space of all infinite differcntiable functions with compact sup- 
ports endowed with the inductive limit topology and V'{M."' x R™) its topological dual 
space. Also, let Qnxm = 0^"' x ^"') \ {ixi,X2) : xi = or X2 = 0}, N = {1, 2, • • • } and 
Z+ = N U {0}. 

Definition 1.3. Let si, S2 G Z+. Let T : I?(R" x R"*) -)• I>'(M" x W^) be a continuous 

linear mapping. Then, T is called a product anisotropic singular integral operator (PASIO) 
of order (si, S2), if the following conditions are met: 

(KO) T has a distribution kernel K, which is a continuous function on flnxm, such that 
for all if = (/?(^) (8> (^(2) G P(M" x W^) and xi ^ suppc/?^^), X2 ^ suppi^^^)^ 

T{ip){xi,X2) = / K{xi-yi, X2-y2)<f^^Hyi)(p^'^\y2)dyidy2; 

(Kl) there exists a positive constant Ci such that for all {xi, X2) G ^nxm with pi{xi) = 
bf% and for all G Z!j? with \ai\ < Si, i = 1, 2, 

\d^^dr[K{Ai^; 4^.)]{A~'^xi, A-'^X2)\ < Ci[p,{xi)]-'[p2{x2)]-'; 

(K2) there exist Ni, N2 G N such that for each A?^i-normalized bump function tp^^") 
associated to Bq'^ and A^2-normalized bump function ip^^^ associated to B^\ and all 
kl, k2 G Z, 



<Ci; 
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(K3) for each iV2-normalized bump function V'^^^ associated to B^^ and k2 G Z, there 
exists a continuous hnear operator T^^^\l^2 . x>(W^) P'(M") with a distribution kernel 
which is a continuous function on \ {0}, such that for all (p^^^ G X>(R"') and 
xi ^ suppf^^-*-), 



Furthermore, for all xi ^ with pi{xi) = and for all ai G Z" with |ai| = si, 

mK^''''''^{Ai^-)]{A^''xi)\ < Ci[pi{x,)r\ 
(K3) also holds with the roles of xi and X2 interchanged. 

In the case when less regularity is desired, one can weaken conditions (Kl) and (K3) on 
the derivatives to more familiar conditions on differences as in the work of Han and Yang 

[22] (see also [23]). 

Definition 1.4. In what follows, let ai for i = 1, 2 be as in (2.1) associated with Ai. 
We say that T is a product anisotropic singular integral operator of order 0, if it satisfies 
Definition 1.3 with si = S2 = 0. Moreover, there exist ei, e2 > such that for all (xi, X2) G 
^nxm with pi{xi) = bf and hi G M"' with pi{hi) < b^^^"pi{xi), we have 



\A\\'K{xi,X2)\<Ci 



|AWAi^)i.(.„X2)| < t^f£ , 

' ^ [pi{xi)Y+'^ [P2{X2)V+'' 

' ^ '[piixi)]^+^^- 

Here, we used difference operators A^j^^K{xi, X2) = K{xi + hi,X2) — K{xi, X2) and 

Aj^^K{xi, X2) = K{xi, X2 + ^2) — K{xi, X2). The above estimates must also hold with 
the roles of xi and X2 interchanged. 

Finally, we are ready to formulate the two main results of this paper. Theorem 1.1 is 
a generalization of a result of Fefferman and Stein [14] from the classical isotropic setting 
to the non-isotropic setting. Likewise, Theorem 1.2 is a generalization of a result of Han 
and Yang [22] to the setting of weighted anisotropic product Hardy spaces. 

Theorem 1.1. Let w G Ap{W x M™; A) with p G (1, 00). Then, a PASIO T of order 
uniquely extends to a bounded operator on L^(M" x M"*). 

Theorem 1.2. Let w G .4oo(M" x W^; A) and be its critical index as in (2.4). Let 
si , S2 G Z+ and p G (0, 1] . // 

(1-1) Si> {qw/p-l)\og\Xi,i\bi fori = 1,2, 

where Aj^i is the smallest eigenvalue of Ai in absolute value, then a PASIO T of order (si + 
1,S2 + 1) uniquely extends to a bounded operator on ii'£(M"' x M™; A). Moreover, T admits 
another unique bounded extension to an operator i?2i(R" x M"*; ^4) — )• L^ 
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Remark 1.1. Consider the classical case corresponding to the choice of dyadic dilations 

Ai = 2/„j, A2 = 2/„2 and weight w = 1. Then, = 1, pi{x) = and log|;^. ^| bi = rii 

for i = 1, 2. In this case, if p G (1, 00) and ej G (0, l/rij], the boundedness on L^(M" x M™) 
of product singular integrals as in Definition 1.4 follows from results of Nagel and Stein 
[26]. On the other hand, if max{ni/(ni + ei), n2/(n2 + e2)} < p < 1, then the boundedness 
in HP{M.'^ X R"*) of such product singular integrals was established by Han and Yang [22, 
Theorem 2]. 

This paper is organized as follows. In Section 2, we recall some notation and known 
notions. The proofs of Theorems 1.1 and 1.2 are presented in Sections 3 and 4, respectively. 
The methods used in these proofs borrow some ideas from [22] and [26]; see also [23] 
and [20]. However, unlike [22], [23] and [20], the discrete Calderon reproducing formula 
with kernel having compact support and the (/-function characterization of the product 
anisotropic Hardy spaces are not available. Instead, we use the Lusin-area characterization 
with the kernels having no compact support. To overcome these additional difficulties, we 
invoke a decomposition technique of kernels used by Nagel and Stein, see [26, Lemma 
3.5.1] and Lemma 3.1 below. Moreover, to prove Theorem 1.2, we use a variant of a key 
boundedness criterion established in [4, Corollary 6.1], which reduces the boundedness of 
the considered singular integrals to their behaviors on rectangular atoms; see Lemma 4.2 
below and also [8, Corollary 1.1] for the corresponding result on iJ*'(M" x M"*). 

We finally make some conventions. Throughout this paper, we always use C to denote 
a positive constant that is independent of the main parameters involved but whose value 
may differ from line to line. Constants with subscripts do not change through the whole 
paper. We use the symbol / < 5^ to denote f < Cg, and if / < 5 < /, we then write f ^ g- 
For all X G R, we denote \_x\ by the maximal integer no less than x. 

2 Preliminaries 

In this section, we recall basic facts about product Hardy spaces associated with ex- 
pansive dilations. 

By [1, Lemma 2.2], for a given expansive dilation A, there exist an open ellipsoid A 
and r G (1, 00) such that A C rA C AA. Moreover, |A| = 1, where |A| denotes the 
n-dimensional Lebesgue measure of the set A. Throughout the whole paper, we set 

(2.1) Bk = A^A for k E Z and let a be the mdnimum integer such that 2Bq C Bo- 
Then Bk is open, Bk C rBk C -Bfc+i and \Bk\ = ■ Obviously, o" > 1. For any subset E 
of R", let E^ = W\ E. Then it is easy to prove (see [1, p. 8]) that for aU k, i e Z, 



where E + F denotes the algebraic sums {x + y : x e E, y e F} of sets E, F C R". 

Recall that the homogeneous quasi- norm associated with A was introduced in [1, Defi- 
nition 2.3] as follows. For a fixed dilation A, we always let 6 = | det A|. 



(2.2) 
(2.3) 
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Definition 2.1. A homogeneous quasi-norm associated with an expansive dilation A is a 

measurable mapping p : M" — > [0, oo) such that 

(i) p{x) = if and only if x = 0; 

(ii) p{Ax) = bp{x) for all x G W; 

(iii) p{x + y) < H[p{x) + p{y)] for all x, y G M", where H is a constant no less than 1. 
Define the step homogeneous quasi-norm p associated with A and A by setting, for all 

X e W^, p{x) =b'' if X e Bk+i \ Bk or else if x = 0. 

It was proved that all homogeneous qiiasi-norms associated with a given dilation A 
are equivalent (sec [1, Lemma 2.4]). Therefore, for a given expansive dilation A, in what 
follows, for convenience, we always use the step homogeneous quasi-norm p. Moreover, 
from (2.2) and (2.3), it follows that for all x, y G M", 

p{x + y)<lf max {p(x), p{y)} < 6'^[p(x) + p{y)]. 

The class of Muckenhoupt weights associated with A was introduced in [2] . For more 
details about weights, see [3, 16, 17, 18, 31]. 

Definition 2.2. Let p G [1, oo), A be a dilation and w a nonnegative measurable function 
on M". The function w is said to belong to the weight class of Muckenhoupt Ap(M"; A), if 
there exists a positive constant C such that when p > 1, 



\\Wlf Hy)]-'/^-'^ dyV <c, 



I Ta~i I ^(y) 1 'I ^^P [^(2/)] ^ f ^ when p = 1. 



Moreover, the minimal constant C as above is denoted by Ca{w)- 
Define .4oo(M"; A) = Ui<p<oo^p(M"; A). 

Product Muckenhoupt weights were first studied by R. Fefferman [11]; see also [28]. 
Among several equivalent ways of introducing product weights [16, Theorem VL6.2], we 
adopt the following definition as in [4]. 

Definition 2.3. Let A = (^41,742) be a pair of expansive dilations, respectively, on 
and M™. Let p G (1, 00) and w be a nonnegative measurable function on M" x W^. 
The function w is said to be in the weight class of Muckenhoupt Ap{W^ x M™, ^4), if 
w{xi, •) G Ap(W^; A2) for almost every xi G M" and ess sup ^^^■g^nCA2{'w{xi, •)) < 00, and 
w{-, X2) G Ap{W^; Ai) for almost every X2 G M"* and ess sup ^^^^mCAi{w{-, X2)) < 00. In 
what follows, let 

C^{w) = max< ess sup Ca2{w{xi, •)), ess sup Cai{'w{-, X2)) \ ■ 
Define Aooi^"" x A) = Ui<p<ooA'(^" x ^""i 



6 



Baode Li, Marcin Bownik, Dachun Yang and Yuan Zhou 



For any w G ^oo(]^" x define the critical index of w by 

(2.4) = mi{q G (1, oo) : G Aq{W' x M"; A)}. 

Let be the space of Schwartz functions on W\ For a G and m G Z+, define 

seminorms 11*^110:, m — ^^Pa:^M^ 

[p{x)]'^\d°^<f{x)\ < oo. It is well-known that 5(IR"') forms a 
locally convex complete metric space endowed with the seminorms {|| • \\a,m}aGZ^,m€:Z+- 
The space 5(M'^) coincides with the classical space of Schwartz functions; see [1, p. 11]. 
The dual space of 5(IR"'), namely, the space of tempered distributions on R" is denoted 
by 5'(M"). Moreover, let 5o(M") = {tp e 5(M") : iJj{x) dx = O} . 

For functions (p on M", V on x M™, k, ki, k2 G Z, let ipk{x) = h~^ip{A~^x) and 

Next, we introduce the product Lusin-area function and product Littlewood-Paley g- 

function following [4]. 

Definition 2.4. Let (^(^^ G 5o(M") and 99(2) g ^olM"). Let (p = ip^^^ ® p^'^\ where 
ip{x) = ip^^\xi)ip^'^\x2) for X = (xi, X2) G M" x R™. For aU / G 5'(R" x R*") and 
X G R" x R"*, define the anisotropic product Lusin-area function of / by 



. V2 

Define the anisotropic product Littlewood-Paley g -function of / by 

I 

A distribution / G 5'(R" x R™) is said to vanish weakly at infinity if for any (p^^^ G 
r^) and v?^^^ G 5(R"), / * p>k^^k2 ^ in 5'(R'* x R™) as fci, ^2 ^ 00. We denote by 
5^(R" X R"') the sei of all f G 5'(R" x R"^) vanishing weakly at infinity. 

We shall need the following existence result for functions appearing in the Calderon 
formula, see [4, Propositions 2.14 and 2.16]. 

Proposition 2.1. For i = 1, 2, let Si G Z+, Ai he a dilation on R"*, and A^ its transpose. 

Then, there exist e^'\ ip'^^ G 5(R"0 such that: 

(i) supp0(^) C Bf, 4„. xf9(^{xi)dxi = for all -fi G with < s^, > 

C > for in certain annulus, 

(a) supp-^W is compact and bounded away from the origin, 
(Hi) Ejezi^H{A*y^i)0(^){{A*y^,) = l for all G R-* \ {0}, 
(iv) = 0W * (f>('^ for some 4^ G 5(R"'). 

Parts (i)-(iii) of Proposition 2.1 were proved in the course of the proof of [2, Theorem 
5.8]. Part (iv) can be shown by a minor refinement of this argument leading to the existence 
of 0W G S{W) such that (JW)^ = 
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The following result says that the space L^(M" x W^) can be characterized by the 
Lusin-area 5-function and the Littlewood-Paley ^-function. Proposition 2.2 is just [4, 
Theorem 3.2], which also holds for ^-function by a similar proof. 

Proposition 2.2. Let ijj = tp^^") (8) ■^^^^ be as in Proposition 2.1. Then, the following are 

equivalent for p £ (1, oo).' 

(i) f G LliW X M™), 

(ii) f e 5^(M" X M"*) and S^{f) G LP,{W x R"^), 
(Hi) f G <S^^(M" x R"^) and g^{f) G x W). 
Moreover, for all f ^LH^^ xW), 

II/IIlS,(IR"xIR'") ~ II'S'V'(/)IIlS,(IR"xIR'") ~ llft/'(/)llLS,(IR"xIR'")- 
Finally, we recall the definition of weighted anisotropic product Hardy spaces in [4] . 

Definition 2.5. Let w G >loo(]R" x M™; A) and p G (0, 1]. Let V = V'^^'' <^ -0^^^ be as in 
Proposition 2.1. The weighted anisotropic product Hardy space is defined by 

Hl{W- X A)^{fe S'^{M.^ x M™) : ||/||^p(k„,i,..^-) ^ ||.S^(/)||lS,(M'^xR-) < 

3 Proof of Theorem 1.1 

To prove Theorem 1.1, wc need the following decomposition technique of kernels, which 
adapts the methods established by Nagel and Stein [26, Lemma 3.5.1] to our setting. For 
the convenience of the reader, we present a detailed proof. 

Lemma 3.1. Let iV G N and ip G 5o(M"'). For any M > 0, there exists a constant 
c > and a decomposition tp = YlT=o^~''^'^^^^ ' *^c/t that each ctp^'^^ G <So(M") is an 
N -normalized bump function associated to B^. 

Proof. Let 6 G C°°(]R") be a non-negative function such that supp0 C Bq, 9{x) = 1 

for all a; G and ||5"6'|| ^^oo^ijn-) < 1 for \a\ < N. Obviously, 9 is an iV-normalized 

bump function associated to Bq. For all x G M" and G N, set Do{x) = iJj{x)6{x) 
and Dk{x) = ip{x)[e{A-''x) - e{A-^''-^'^x)]. It is easy to check that ip{x) = Efelo^fc(^) 
pointwise. For any k G let d^ = Jjg„ D}.{x) dx, sq = and = Yl^Zo dj for k >1. 

Notice that for any /c G N, we have suppDfe C Bk\Bk-2- Fix M > 0. Since Dk{x) ^ 
implies that p{x) ~ 6*, we have 

(3.1) |i5fe(^)l<[p(x)]-^-^<6-(^+^)^ 

due to the fact that G 50(1^"-) and ||0||loo(]ri) < 1- From this and suppL)/; C -B^, it 
follows that E^o/r" \Dkix)\dx < 1. Using that V = E^o-^'fc and V G 5o(M"), we 
obtain J2'k=odk = J^^i^ix) dx = 0. Thus, we also have = —J2j>kdj- Moreover, from 
(3.1) and suppl^^ C B^, it follows that \dk\ < 6"^^, and hence \sk\ < 6"''*^. 
For any k G Z+ and x G M", we define 

Dkix) = Dk{x) - dkb-^B{A-^x) + Skib-^^'-^^eiA-^^-^^x) - b-^A-^'x)], 



8 



Baode Li, Marcin Bownik, Dachun Yang and Yuan Zhou 



where 9{x) = 6'(x)/||6l||ii(uu). We claim that V^''^ = b^^D^ G So{W) is the desired 
constant multiple of an A'^-normalized bump function associated to Bf^. Indeed, it is easy 
to check that Dk G C~(M") with supp5fc c Bt, J^n Dk{x)dx = 0. Using Y^'^^^dk = 
and Sfe = — X^j>fc dk, by Abel's summation, we have 

oo oo 

^Sk[b-^''-^^A-^''-^^x) - b-'^diA-'^x)] =^dkb-''e{A-''x). 

k=0 k=0 

This together with V = Efelo implies that = Y.T=o = J2kLo b'^'^i^^''^ 

Finally, it remains to show that \[d°'Dk{A^-)\\ioa(^^n,-^ < b~^^ for any A; G Z+ and 
\a\ < N. Since ||5"6'||icx.(]R„), ||5"6'(A)||ioo(K„) < 1, and \sk\, |4| < 6"^*^, it suffices to 
prove 

\\d"Dk{A^.)U^(^^„^<b-^K 

Recall that supp Dk C Bk\Bk-2 for /c G N. Thus, we only need to check \d"'Dk{A^ ■){x)\ < 
b-^'' for aU xeBo\ B-2 for all \a\ < N. Since ip G 5(M"), for all x e Bo\ B-2 and for 
all \a\ < N, we have 

(3.2) \d''Dk{A''-){x)\ = - ^(^~^-)] 

< \d^HA'^-)ix)\<\\A't^ Yl I^^V'C^Ml 

This finishes the proof of the claim and hence Lemma 3.1. □ 

For i = 1,2, let Ai be a dilation on M"' as in Definition 1.1. Let Aj, _ and Aj,+ be two 
positive numbers such that 

1 < Ai,_ < min{|A| : A G (T{Ai)} < max{|A| : A G (T{Ai)} < Ai, + . 

In the case when Ai is diagonalizable over C, we can even take Aj^ _ = min and Aj^ + = max 
above. Otherwise, we need to choose them sufficiently close to these equalities according 
to what wc need in our arguments. Let Ci,± = log^. \,±- It is useful to make some remarks 
about Definitions 1.3 and 1.4. 

Remark 3.1. (i) One can show that if T is a PASIO of order (1,1), then it is also a 
PASIO of order 0. In fact, this is a consequence of Lemma 3.2 below. 

(ii) In Definition 1.4, the range of is effectively restricted to the interval (0, log^. |Aj^ + |], 
where Ai^_|_ denotes the largest eigenvalue of A^ in absolute value. Again we will see this 
in the one parameter setting. In fact, assume that e > log^ |A+| and |-f^(x)| < Ci[p{x)]~^ 
and \K{x + h) - K{x)\ < Ci[p{h)Y[p{x)]-'^-' for p{h) < b^'^'' p{x) and x / 0. Choose A 
such that |A+| < A < 6*^ and let C, = log;, A. For any x ^Q, when p{h) < min{l, 6~^'^p(x)}, 
by [p{h)]'^ < Ci\h\ (see [1, (3.3)]), we have 

\K{x + h)- K{x)\ < cMx)]-^~'\K'^ < cMx)]-^~'\K 
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which imphes that K is locally Lipschitz continuous away from 0. Moreover, for all x ^ 0, 

limsup^|i(:(ar + ^) < Ci[/9(x)]-^-Mimsup[p(/i)]^-^ = 0, 

h^O \h\ h^O 

which implies that is a constant function away from and thus, by < Ci[p{x)]~^ , 

we further have iC(a;) = for all a; 7^ 0. 

Lemma 3.2. Let K he the kernel of a PASIO of order [si + 1, ,S2 + 1), where si, S2 G 
Then, there exist positive constants C and such that K has the following 3 additional 
properties: 

{KV) for all {xi, X2) G ^ nxm with pi{xi) — for certain ii G Z, /ii G with 
Pi{hi) < 6^^'^^pi(xi) and ai G Z!f. with \ai \ = si, 



A^^_,^^^d'^^[K{Al^.,X2)]{A-'^^xi] 



<Ci 



[Piihi)] 



[/9i(xi)]l+« P2{X2)' 



This also holds with the roles of xi and X2 interchanged; 

[Kl") for all (xi, 0:2) G ^nxm with pi{xi) = bf for certain ii E hi & M"' with 
Pi{hi) < bj'^'^^ pi{xi) and ai G HV: with |aj| = Si, i = 1, 2, 



[P2{X2)Y+'^' 



{KZ') the kernel ^^'('',^2 ^5 (K3) satisfies that for all xi G \ {0}, hi G W with 
Pi{hi) < b^'^'^^ pi{xi), and ai G Z" with \ai\ = si, 



d'^'[K^'^'^''iA{^-)]iA^'^xi] 

A-j^ til 



1-^1 



[Pijhi) ] 
[Pi{xi)] 



1+ei ■ 



This also holds with the roles of xi and X2 interchanged. 

Proof. We will only prove (K3'). Other properties are shown in the same fashion. Let 
K = K'l'^^\k2 be the kernel as in (K3). Assume that p{xi) = b[^ and p{hi) < b^^^'+^K 
Take any ei G (0, log^^ Ai,_). By (K3) and the Taylor's formula, for |ai| = si we have 

\A^-e dr[K{A'^-)]{A-'^xi)\ < \A-'^hi\ sup |VarMi^(A^)](V^^l + 

<\A-'^h,\b^'^<[pihi)r[pix,)]-^'+'^\ 



which completes the proof. 



□ 



The following lemma plays a key role in the proof of Theorems 1.1 and 1.2 by general- 
izing [22, Lemma 1] to the anisotropic setting and to the higher order partial derivatives 
of corresponding kernels. 
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Lemma 3.3. Let K he the kernel of a PASIO of order (si + 1, S2 + 1)? where s\,S2 £ 2+. 
For i = 1, 2, let G 5o(M"'') be an (ATj + Sj + 1) -normalized bump function associated 
to some dilated ball Bj''^, where ji G Z+ and Ni is as in (K2) and (K3) of Definition 
1.3. For all ki, k2 G define i^T^^^^j = K * (pki,k2> where ip = (p^^^ (8) (p^'^\ Then, there 
exist positive constants C and such that: for all hi, Xi, yi G with Pi{xi) = bf for 
certain G Z and Pi{xi — yi) < b^\ and ai G Z"' with \ai\ < Si, i = 1, 2, 

Proof. To prove this lemma, we first present two basic facts. Let i = 1, 2. For any 
ctj G Z"% by (3.13) in [2] when 4 — < or a similar proof when £i — ki > 0, for all 

Xi, Zi G M"', we have 

(3.3) 5"M</'^*H4^-'^ • -A;'''Zi)]iA;%) = 5"n</'^*)(^^^-''-)](A"''(y. - ^^)) 

ifti=i«ii 

where 

(3.4) |a« I < 6f -^'^-''^l^^l^^- - if 4 - ji -ki<0, 
and 

(3.5) |^«|<^{4-i.-WIC.+ if ^^_^,_fc,>o. 

Moreover, for any fixed Xi G M"' with pi{xi) = bf, if £i < ki + ji + 4c7i, we claim that 



(3.6) (zi) = d"^ (Af •)] iAp'~''y^ - A^'p^^i) 

is an iVj-normalized bump function associated to B^ . Indeed, if ^^\zi) ^ 0, then by 
supp (a^'(^(^)) c Bf^, Xi G Sg^i, G + sg^+i, ii<ki + ji + 4aj and (2.2), we obtain 

Moreover, since (/?(*^ is an (sj + iVj + l)-normalized bump function associated to then 

for all Zi G W and 7^ G Z!J:* with \^i\ < Ni, we have |5T*(^^^)(zi)| < 1. Thus, the above 
claim holds. 

We now show Lemma 3.3 by considering the following four cases. In the following Case 
(i) through Case (iv), we always assume that Pi{xi) = bf for certain 4 G Z and ai G 7/^ 
with \ai\ < Si, i = 1, 2. 

Case (i). li < ki + ji + Aai and £2 < k2 +32 +4c72- In this case, by (3.3), (3.4), (3.5), 
(3.6), (K2), \ai\ < Si, Ci,+ = logb^ Ai, + < 1 and ji > 0, we have 

\d^^dr[Kk„kMi'; Ai^.)]{A^'^y,, A^'^y2)\ 
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l/32l<l«2l 



i=l 



which is desired. Here 

2 



j=l 



Case (^M^. ^1 < fci + ji + 4(7i and ^2 > ^2 + ^2 + 4cr2- In this case, if Z2 G -^^2+^2' 
P2(a;2 — 2/2) < and X2 G -B^^+i \ with £2 > ^2 +32 + 4(72, then by Definition 2.1, it 
is easy to obtain that p2(y2) > ^'^'"'"^ and ^2(^2) < b'^"^ p2{y2) ■ Thus, by ip^'^^ G 5o(M"'), 
(3.3), (3.4), (3.5) and (3.6) with i = 1, supp(^(2)(^-fe2.-) ^ ^g)^^^ ^^^^j ^^3'), we have 



\d'^^dr[Kk,,kM\'; 4^-)](^ryi, ^2'^y2)| 

l/3ll<|ai 

Je 



(1) 



-j'l— fcl— 6(71 — 1 



(4^-)](^"'^2/2)d^2 



[^2(^2)] 



i¥'i?(^2)M^2 < 6r'=^6r+(^'^+'=^)^^-'^^^+^^\ 



[p2(:C2)]l+^2'^^^ 

which is desired. 

Case (Hi). £1 > ki + ji + Aai and £2 < ^2 + j2 + 4(T2. In this case, by symmetry, 
similarly to the estimate of Case (ii), we also have 

Case (iv). £1 > ki+ji+4ai and £2 > ^2+^2+4(72. In this case, fori = 1, 2, Zi G ^fXki^ 



Pi{xi-yi) < h^' and pi{xi) = b\\ we have pi{yi) > 6^' '^^ and pi{zi) < \ ^^'Pi{yi). By this, 
G 5o(M'*0> supp^«(4r*i.) c Sjj^ and (Kl"), we obtain 

ISfi^r [^fci,fo(4^-, 4--)]iA^''yu A^'^y2)\ 

[ 4?(^l)4?(^2) 

xA« a(^) af^ar[if(A^-,4^-)](^r'^yi,^2"'^y2)d^ 



< 



1^ "21 -Aj '■22 



I (1)/ N (2)/ M [pi(^i)]'' [^2(^2)] - ^ ^rr?,. 

l<^-l)<^(-2)|^^^(^^)j,,,, [P2(X2)]^-^ - n 



Jl+fcl J2+K2 



which is desired. 

Combining the above estimates completes the proof of Lemma 3.3. 



□ 
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Remark 3.2. Notice that in the proof of Lemma 3.3 we have not used exphcitly the 

bounds on the highest order derivatives of K. Instead, we used the difference properties 
(Kl'), (Kl"), and (K3') from Lemma 3.2. Thus, if K is merely a kernel of a PASIO of order 
0, then conclusions of Lemma 3.3 apply. In particular, there exists a positive constant C 
such that for all hi, Xi, yi G M"' with Pi{xi) = bf for certain G Z and Pi{xi — yi) < 6^% 

(3.7) \Kk,,kM^ 2/2)1 < CH Jf . 

Proof of Theorem 1.1. Let p £ (1, oo) and w G ApiM."- x M™; A). Let T be a product 
anisotropic singular integral operator (PASIO) of order with kernel K as in Definition 
1.4. Let Ni and N2 be as in (K2) and (K3). Let ^ = ip'^^^ (g) ip'^^^ and <j) = (/)(^) ® (/)(^) be as 
in Proposition 2.1. By part (iv) of this proposition, we have tp = (f>* (p. From Proposition 
2.2, it follows that for all / G X'(M" x 



(3-8) II'S'</.*</.(/)||l^(m"xir'") ~ 



In vlffm 



)■ 



Since <p^'^ G 5o(M"') for i = I, 2, then by Lemma 3.1, we have = J2j^^o h'^^^' (p^'^^*\ 
where ^(''.?») G 5o(M"') is a constant multiple of an (iVi + l)-normalized bump function 
associated to B^^ . For ji, j2 G Z+ and ki, k2 G Z, let cpi^^'^^} = cp^^^^i) ^ ^(2,^2) and 
Kil'f^ = K * ^kiM^- x,zeWx W^, kl, k2 G Z, ji, j2 G Z+, y G x 

with pi(yi) < b'l^ and ^2(2/2) < ^'2^, and locally integrable function / on x W^, by the 
estimate (3.7) in Remark 3.2 and b^"- + b~-''' pi{zi) ~ b^'' + b^-''' pi{zi — y^) , i = 1, 2, we obtain 

(3-9) 1/ * Kj^X(- -y)\^L - 2/ - -)l n dz 

JR"XK™ i=l[bi +bi Pi{Zi)\^+'^^ 



< I i/(^-^)in 



<6f(i+^^)6r(^+^^)>l,(/)(x), 

where and in what follows, M.s{f) denotes the strong maximal function which is defined 
by setting, for all x G M" x R"*, 

Ms{f){x)= sup sup ThTTk^ [ rn ,n,\f(^)\dz- 

Thus, by (3.8), (3.9), the weighted vector- valued maximal inequality for Ms (see [4, Propo- 
sition 2.2]), and the L2,(M"' x M™')-boundedness of g^p which was proved in the proof of [4, 
Theorem 3.2], we have that for / G V{W x M"*), 

II^/IIls,(M"xM'") 
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jl=0i2=0 



1/2 



\K%*f*<f>k,M{--y)\'dy 



^ E E 

jl=0 j2=0 



1/2 



LS,(M"xR'") 



jl=0j2=0 

This combined with the density of V{W^ x M"^) in LS,(M"' x R™) then completes the proof 
of Theorem 1.1. □ 



4 Proof of Theorem 1.2 

To prove Theorem 1.2, we need to use a vector-valued variant of the boundcdness criterion 
established in [4, Corollary 6.5]. We shall use an analogue of the grid of Euclidean dyadic 
cubes which is mainly due to Christ [9] and formulated as in [4, Lemma 2.2]. 

Lemma 4.1. Let A be a dilation. There exists a collection Q = {Q^ C : k € Z, a € 
Ife} of open subsets, where Ik is certain index set, such that 

(i) \W \ UaQal = for each fixed k and Q'^DQ^^ = ^ if a ^ j3; 

(a) for any a, /3, k, £ with £ > k, either n = or C Q'^; 

(Hi) for each [i, j3) and each k < £, there exists a unique a such that Q^^ C Qfj; 

(iv) there exist certain negative integer v and positive integer u such that for all with 
k E 1> and a E Ik, there exists xgk G satisfying that for all x G Q^, xqk + Byk-u C 
Q^Cx + B^k+u- 

In what follows, for convenience, we call {Q^}k&.,aeik dyadic cubes. Also for any dyadic 
cube with A; G Z and a G 1^, we always set £{Q^) = A; as its level. 

Let Ai be a dilation on R"', and Q!'^\ i{Qi), Vi, Ui the same as in Lemma 4.1 corre- 
sponding to Ai for i = 1, 2. Let TZ = Q^^^ x Q^^^. For i? G 7?., we always write R = R1XR2 
with Ri G Q^^^ and call R a dyadic rectangle. We need the notion of rectangular atoms 
for anisotropic product Hardy spaces. 

Definition 4.1. Let w G ^00 (M" xR"'; A) and q^a be as in (2.4). The triplet {p, q, s)u, 
is called admissible if p G (0, 1], q G [2, 00) fl (g^, 00) and s = {si, S2) with Sj G Z+ 
and s, > [{f - l)Cr^\, i = 1, 2. For any R e TZ, a. function qr is called a rectangular 

{p, q, s)w-atom if 

(i) an is supported on R" = R'l x R'^, where R'l = xr^ + , „. , gg.., « = 1, 2; 
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(ii) J"jg„ aii{xi, X2)xi dxi = for all \a\ < si and almost all X2 G K"*, and 
/]Rm o.r{xi, X2)x2 dx2 = for all < S2 and almost all x\ G M"; 

(iii) II«IIlUM"xm-) < 

We also need to consider the vector-valued space 

^ = {{/fei.fcalfci.fcaez : /fci,fc2 is a measurable function on B^^^ x sf^ 

for any /ci, ^2 e ^ and ll/fei.fcalfei.feezlw < oo}, 

where 

1/2 



fcl, fe2SZ 

In what follows, for x G M'^ x M."^, we always write 

\{fki,k2ix)}ki,k2ez\H^ I ^i^^^2^^ j ^2^\fki,k2{x - y)\^ dy\ . 

Finally, let p G (0, oo) and w G „4oo(K" x M™; ^). Define the vector- valued space 
^{W X M"") as the collection of all sequences {fk\,k2}k\,k2& of measurable functions 
on R" X with the norm 

fe2}fei, fc2ez||Lf _,(MnxMm) = < / \{fki,k2i^)}ki,k2&\H'^^^)'^^\ < 

The following conclusion is the vector- valued variant of [4, Corollary 6.5], whose proof 
is similar to that of [4, Corollary 6.1]; see also [8, Corollary 1.1] for the corresponding 
result on i7P(M" x W^). Here we omit the details. 

Lemma 4.2. Let {p, qi, s)^ be an admissible triplet as in Definition 4-1- Let qo G 

[qi, oo) and {Tk^.k,2}k-i_.k2e'L be an H-vahied linear operator hounded from L^^(M" X M"^) to 
L^°^(M" X M™). Let q G [p, 2) he such that l/q - l/p = l/q^ - l/qi. 

Suppose that there exist positive constants C, e such that for all 7 G and all rectan- 
gular {p, qi, s)yj-atoms an, 

\{Tki,k2{^R)i^)}ki,k2&\'H^i^)d^ ^ Cmax{6p^62^^}, 

{Ri_,^xR2,-,f 

where Ri^^ = xr^ + S^*(^(^.^_i)+„._j.5^.^^, i = I, 2. Then {Tk:,,k2}ki,k2ez uniquely extends 
to a bounded linear operator from H^{W x R"*; A) to i^^^^(R" x R"*). 

We also need the boundedness result for the anisotropic Littlewood-Paley ^-function 
whose proof is similar to that of the anisotropic Lusin-area function; see [4, Theorem 3.2]. 
We omit the details. 
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Lemma 4.3. Let (p G <So(M"'), p G (1, oo), and w G ,4p(M"; A). Then, the Littlewood- 
Paley g-function, which is given by gip{f){x) = {Ylkezlf * ^kix)]"^}^^^ , is bounded on 

Finally, the isotropic and unweighted versions of the following lemma have appeared 
in several product settings; sec, for example, [21, Theorem 4.3] and the proof of [20, 
Proposition 4]. In particular, Lemma 4.4 can be deduced from the proof of [4, Theorem 
5.2] as indicated below. 

Lemma 4.4. Suppose that w € .Aoo(M" x M™; A) and p G (0, 1]. // / G L2(M" x M™) n 
H^{W^ X W^; A), then f G L^{W^ x W^). Moreover, there exists a positive constant Cp, 
independent off, such that \\f\\Ll(my,j^m) < Cp\\f\\HZO&"xR"^;A)- 

Proof Let w G .Aoo(M" x M™; A), p G (0, 1] and / G i^£(M" x W^) n L^{W x W^). By 
an argument similar to the proof of [21, Theorem 4.3] or [20, Proposition 4], we shall prove 
that the atomic decomposition of / converges in L^(IR" x MJ^) and thus pointwise almost 
everywhere. 

Indeed, let ip = V'^^-* <8> V'^^^ be as in Proposition 2.1. For any A; G Z, let fi/j = {x G 
M'^ X M'" : S^{f){x) > 2^=}, Afc = 2'=[«;(Qfc)] Vf, and 

Here, our notation is the same as in [4, Lemma 4.6]. Since / G L'^{W^ x M™), by Lemma 
2.15 and (4.8) of [4], we have that / = J2kez^kak holds in L^{W x R"*), and hence 
also almost everywhere. From this, suppa^ C fi.'^' with w{(},'l') < w{nk) (see [4, (6.5)]), 
q G [2, oo) n {qyj, oo). Holder's inequality, and the size condition of a^, it follows that 

fcez •'^k kez 

< ^2''Pw{nk) < ll'S'v>(/)||^F(K"xM"') ~ ll/llif£(M"xM"';A)' 

kez 

which completes the proof of Lemma 4.4. □ 

Proof of Theorem 1.2. Let T be a PASIO of order (si + 1,S2 + 1) with kernel K as in 
Definition 1.3. By the assumption (1.1) which says that Si > [q-w/p — l)log|;^. 6i for 
i = 1, 2, we can choose 1 < Ai__ < |Ai^i| close to jAj^ij, r G (g^,, oo) close to such that 

(4.1) ^. =p[s.^._ + l]_r>0, i = \,2. 

Let q > max{2, r}. Then, (p, q, s)w is an admissible triplet, where s = (si — 1, S2 — 1). 

Let ^ = i/j^^^ tp^"^^ and (j) = 4>^^^ ® 0^^^ be as in Proposition 2.1. By part (iv) of this 
proposition we have ip = cp * (p. Hence, by Theorem 1.1 and Definition 2.5, T(f) is well 
defined for any / G (M« x M™) n F£(M" x M™) and 

ll^/lli?£(M"xM"') = ll'S'0*</>(r/)||iP (KnxM"») 
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\\{<Pki,k2 *(t>ki,k2 * [^(/)]}fci,fc2Gz||L^^(R'^xR'")- 



To obtain the boundedncss of T on i7£(M" x M™), by Lemma 4.2 and the density of 
Ll{W' X M™) n i?£(]R" X M™) in H{^{W' x M'") given by [4, Theorem 5.1(i)], it suffices 
to prove that for all rectangular {p, q, s)tu-atoms a associated to certain R e TZ and all 



(4.2) 



\{<Pki,k2*<Pki,k2 * [T{a)]ix)} j^^^f,^^^\^^w{x) dx < maxib^""^ , b/'''^}, 



where rii is as in (4.1) and Ri^ = xr. + B L,„ . , , ^ , for i = 1, 2. 
The left hand side of (4.2) is less than 

(4.3) 1/ +/ +/ +/ 1 

[JR^^xR^ O Jr[^^xR2,0 •JRi,OXRI^-^ -^^1,0^^2,-^ ) 



(pki,k2 * 0fei,fc2 * [T{a)]{x] 



ki, k2£li 



w{x) = li + I2 + I3 + l4- 



n 



We only estimate I2, since the estimates for the other three items are similar. 

Let Ni, N2 be as in Definition 1.3. Since 0^*) G 5o(M™») for i = 1, 2, then by Lemma 
3.1, we obtain that cf)^'^ = J2'^=o b~^^' (l>^'' where G SoiW^') is a constant multiple 

of an (si + Ni + l)-normalized bump function associated to Bj^\ For ji, j2 G Z+, let 
0Oi,j2} = ^(1, ji) ^(2,j2)_ Thus^ by ^ = (8) (t)^'^\ we have 

(4.4) Yl bf^^'^^'hf^'cj)^^^'^'U{(P^^'^'^ 0cf)^^^). 
Moreover, by Theorem 1.1 and a density argument, we obtain 

(4.5) * ((/.(I'^i) 0(2)) H< [T(a)] = * [((/.(^'^i) *i <^(^'^i)) <^(2,i2)] ^ ^2 (/>(2)), 

where *j denotes the convolution on M"', i = 1, 2. In fact, if a G 'D{W^ x R"^), then the 
above equality holds. For the rectangular (p, q, s)-atom a, let {0^}^^^ C P(M"' x M™) be 
a sequence of functions approximating to a in L?1,(M" x M"*). Noticing that r(afc) — >■ Ta 
in L^(M'* x W^), we have (4.5). 

For ki, k2eZ and ji, is, h e Z+, let = [(.^(I'^i) *i <^(i'^i))fei ® ^2 ''^]- 

w G ^,.(M"' X M™; A), [4, Proposition 2.2(i)] and Lemma 4.1(iv), we have w{Ri^ti+'y+i x 
i?2,o) ^ 6^*^^^*^''w(i?). Prom this, (4.4), (4.5), Minkowski's inequality and Holder's inequal- 
ity, it follows that 

(4.6) 12 < E j: I / 



jl,j2,tl&+ 



{^K''^*(«*2 4?) (-)} 



^'^ {^-p)(7+ti)r„,,/mil-p/r- 



fei, k2& 



n 



wix)dx} br'^"^-^'"[wiR)Y 
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Let ii = vi[£{Ri) - 1] + -ui + 7 + + 5(71. Write 



+ 



E 



»]' + [V2(x)]^ 



fcj fc2 



We only estimate Vi, since the estimate for V2 is similar. 

For X G (-Ri^^+tj+i \ Ri,^+t^) X R2,Q, y e B^^^ X B^ff and z G R" x W^, let 



For any y, y E x R"*, by Taylor's formula with integral remainder, we have 



ji=0 |oi|=ii 

xd'^'KilS^'\yi+n{yi-yi), 



|ai|=si ' 



(i-nri-i 



dr^ . 



Sl! 



Let yi = A-^ ^^xp-^ and yi = A-^ ^^z\. By suppa C R" and the vanishing condition of a up 
to order si — 1, we then have 



(4.7) 



'0 Ji?'/xR'" 



ai 



(1 + ri) 



si-i 



Sl! 



x^r^fe;:fc; (^i [xii, + (l - rOCx^, - ^i)], ^2 - y2 - Z2)dzdn. 

Moreover, for xi G i^i^-y+^^+i \i?i^-y+t^, zi G R", ri G (0, 1) and £i > ki +ji + ii + 4c7i, 
by (2.2), (2.3) and Lemma 4.1(iv), we have pi(xi — x^^J = and pi(2:i — x^J < 
Pi{xi — xr^), which together with ki < ii — ji — ii — 4(7i further means that 



, -2CTi-ti-7-l 



Pi{xi - XR^ - (1 - ri){xR^ - zi)) ~ b{\ 



and that for yi G B^^ , 



Pi{xi - XR-, - (1 - ri){xR^ - zi) - yi) < b'lK 
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Prom this and Lemma 3.3, it follows that 



5r^f,;if'(VM^«i + (1 - n)ixn, - z,)], x2-y2- ^2)| 

= K[Ktt'\Af., X2-y2- Z2)]{Afyxi - xr, - (1 - n){xn, - z,) - 



yi\ 



~ "1 



1,^262 



[4'+b-''p2ix2-Z2)] 



1+62 ■ 



where we used the fact that + b2'^^p2{x2 — 2/2 — -^2) ~ + ^2''^ P2{x2 — ^2)- 

Furthermore, for zi G i?'/, by [4, (2.6)], we have \ A{'^\zi -xr^)\< fe^^^"^*'^^'' " . Thus, 
for x G (i?i,-y+t^+i \ ^ -^2,0) by the above two estimates, (4.7), l\ = vi[£{Ri) — 

1] + u\ + J + ti + 5(Ti, a similar proof to that of (3.9), and Minkowski's inequality, we 
obtain 



Y^(-^) < ^ 520i+£i)(l+ei)-2^i(l+ei) ^ ^2fciei^i2(l+e2) 

2>| 1/2 



X 



f b-(y+^^>^i^,-M('\a{z^, •) *2 <^i?)(x2)dzi 



< L(il+<?i)-(ti+7)«lCl,-;,j2(l+e2) 
~ "1 "2 



1 



[i;i£(i?i)+ti+7] 



^|>t(2)(a(^i, ■)*2 4?)(a:2)|n d^i 



1/2 



/ ,jl+^l-(*l+7)siCl,-li2(l+€2) 
~ "1 "2 



1/2 



where and in what follows, Ai^'^^ denotes the Hardy-Littlewood maximal function on M"% 
i = 1, 2. 

Then, by the above estimate of Vi(a;), the L^^^ ^^^(M")-boundedness of M^^^ for all X2 G 
M™, the weighted vector- valued inequality for the Hardy-Littlewood maximal operator 
^ith w{xi, •) G A(M™; A2) for all G (see [2, Theorem 2.5]), Lemma 4.3 with 
9(f)(2), suppa C R", r > q > 1, Holder's inequality, and the size condition of a, we have 



[Vi(x)]'' it;(x) dx 
9ct>(2) (a 



l/r 



(ill, 7+ti+l\fll, i+ti ) X-R2, 

~ "1 "2 

< , Jl +^1 - (t 1 +7)si Cl , - , j2 { l+e2 ) 1 1 1 1 

< ^ii+^i-(«i+7)^iCi, -^J2(l+.2) ^^^^^jl/r-l/p_ 



L^.(K"xR'") 

,//N,il/r-l/q 
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Prom this and 771 = p[(si + l)Ci, - + 1] — r > 0, it follows that 

J2 \ I [V,{x)Ywix)dxY\^;-''^^''-^''\w{R)]'-P/' 

< iP0'l+^l)-7»?liPi2(l+e2) 

which together with (4.6) yields that I2 < 6^'''^^ . 

By an estimate similar to that of I2, we also have li + I3 + I4 < max{6^'''''^ , 62''^''^}, 
where rji and r]2 are as (4.1). Thus, by this and (4.3), we obtain (4.2) and hence the 
boundedness of T on i7S(R" xR"";!). 

Finally, let us prove that T is bounded from HZ{W x W^; A) to -LS,(M" x M"*) with 
p G (0, 1] satisfying (1.1) by borrowing some ideas from the proof of [21, Theorem 1.11]. 
Assume that / G L'^{W^ x W^) n i?S(M" x W^; A). By Theorem 1.1, Lemma 4.4 and the 
boundedness of T on H^{W x R"^; i*), we obtain that 

Tf G L^(M" X M"*) n HP{W X M"*; A) D L'^{W x M"*) 

and ||T/||^P(K»xffi-) ^ ll^/ll//£(RnxR™;A) - ll/lli?£(R«xR'";A)- This together with the den- 
sity oiL'^iW X M"^) ni?£(M" X W^; A) in i?"S(R" x R""; A) given by [4, Theorem 5.1 (i)] 
implies that T extends to a linear bounded operator from i?£(R" X R^) to Lw{R^ x R"^). 
This finishes the proof of Theorem 1.2. □ 
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